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Abstract. Edge states are time-harmonic solutions to energy-conserving wave
equations, which are propagating parallel to a line-defect or “edge” and are
localized transverse to it. This paper summarizes and extends the authors’
work on the bifurcation of topologically protected edge states in continuous two-
dimensional honeycomb structures.
We consider a family of Schro¨dinger Hamiltonians consisting of a bulk
honeycomb potential and a perturbing edge potential. The edge potential
interpolates between two different periodic structures via a domain wall. We
begin by reviewing our recent bifurcation theory of edge states for continuous
two-dimensional honeycomb structures (http://arxiv.org/abs/1506.06111). The
topologically protected edge state bifurcation is seeded by the zero-energy
eigenstate of a one-dimensional Dirac operator. We contrast these protected
bifurcations with (more common) non-protected bifurcations from spectral band
edges, which are induced by bound states of an effective Schro¨dinger operator.
Numerical simulations for honeycomb structures of varying contrasts and
“rational edges” (zigzag, armchair and others), support the following scenario:
(a) For low contrast, under a sign condition on a distinguished Fourier coefficient
of the bulk honeycomb potential, there exist topologically protected edge states
localized transverse to zigzag edges. Otherwise, and for general edges, we expect
long lived edge quasi-modes which slowly leak energy into the bulk. (b) For an
arbitrary rational edge, there is a threshold in the medium-contrast (depending
on the choice of edge) above which there exist topologically protected edge states.
In the special case of the armchair edge, there are two families of protected
edge states; for each parallel quasimomentum (the quantum number associated
with translation invariance) there are edge states which propagate in opposite
directions along the armchair edge.
PACS numbers:
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1. Introduction and Summary
Edge states are time-harmonic solutions to energy-
conserving wave equations, which are propagating
parallel to a line-defect or “edge” and localized
transverse to it. This paper summarizes and
extends the authors’ work on the bifurcation of
topologically protected edge states in two-dimensional
(2D) honeycomb structures.
We introduce a rich class of Schro¨dinger Hamilto-
nians consisting of a bulk honeycomb potential and
perturbing edge potential. The perturbed Hamilto-
nian interpolates between Hamiltonians for two differ-
ent asymptotic periodic structures via a domain wall.
Localization transverse to “hard edges” and domain-
wall induced edges has been explored quantum, pho-
tonic, and more recently, acoustic, elastic and mechani-
cal one- and two-dimensional systems; see, for example,
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
In Section 2 we present the necessary background
on honeycomb structures, their band structures
and, in particular, their “Dirac points”. These
are quasimomentum/energy pairs whose dispersion
surfaces touch conically, a 2D version of linear band
crossings in one dimension (1D). For honeycomb
structures, Dirac points occur at the vertices of the
hexagonal Brillouin zone, which are high-symmetry
quasimomenta. Section 3 introduces a family of
Schro¨dinger Hamiltonians, H(ε,δ), consisting of a bulk
honeycomb part, H(ε,0) = −∆ + εV (x), plus a
perturbing edge potential, δκ(δK2 · x)W (x); see (3).
Here, ε measures the bulk medium-contrast and δ
parametrizes the strength and spatial scale of the edge
perturbation.
An edge state, which is localized transverse to
a “rational edge”, is a non-trivial solution of the
eigenvalue problem, H(ε,δ)Ψ = EΨ, where Ψ lies in
a Hilbert space of functions defined on an appropriate
cylinder (R2 modulo the rational edge). In Section 4 we
discuss our general bifurcation theory of topologically
protected bifurcations of edge states. This bifurcation
is governed by the zero-energy eigenstate of an effective
1D Dirac operator. Theorem 4.1, proved in [19],
provides general conditions for the existence of an edge
state, which is localized transverse to a rational edge.
A key role is played a spectral property of the bulk
(unperturbed) honeycomb Hamiltonian, which we call
the spectral no-fold condition. Section 4.2 discusses the
application of Theorem 4.1 to topologically protected
bifurcations of edge states transverse to a zigzag edge.
In Section 5 we compare such topologically pro-
tected bifurcations with the more typical bifurcations
of localized states from spectral band edges. The lat-
ter are governed by the localized eigenstates of an ef-
fective Schro¨dinger operator and are not topologically
protected. Bifurcations from spectral band edges are
sometimes called “Tamm states” while those which
occur at linear band crossings are sometimes called
“Shockley states” [20, 21, 6]. Finally, in Section 6 we
present and interpret numerical simulations for a vari-
ety of rational edges. The specific honeycomb poten-
tial and domain wall/edge perturbation is displayed in
(11). These include zigzag, armchair and other edges.
These investigations support the following scenario:
(a) For low contrast, under a sign condition on
a distinguished Fourier coefficient of the bulk
honeycomb potential, there exist topologically
protected edge states localized transverse to zigzag
edges. Otherwise, and for general edges, we expect
long lived edge quasi-modes which slowly leak
energy into the bulk.
(b) For an arbitrary rational edge, there is a threshold,
ε0 ≥ 0, in the medium-contrast (depending on the
choice of edge) such that for ε > ε0, there exist
topologically protected edge states. In particular,
ε0(zigzag) = 0 and ε0(armchair) > 0.
(c) In the special case of the armchair edge, for ε > ε0
there are two families of protected edge states;
for each parallel quasimomentum (the quantum
number associated with translation invariance)
there are edge states which propagate in opposite
directions along the armchair edge.
A complete analytical understanding of these
observations is work in progress.
2. Honeycomb potentials and Dirac points
2.1. Honeycomb potentials
Introduce the basis vectors: v1 = (
√
3
2 ,
1
2 )
T , v2 =
(
√
3
2 ,− 12 )T and dual basis vectors: k1 = q( 12 ,
√
3
2 )
T ,
k2 = q(
1
2 ,−
√
3
2 )
T , where q ≡ 4pi√
3
, which satisfy the
relations kl · vm = 2piδlm, l,m = 1, 2. Let Λh =
Zv1 ⊕ Zv2 denote the regular (equilateral) triangular
lattice and Λ∗h = Zk1⊕Zk2, the associated dual lattice.
The honeycomb structure, H, is the union of the two
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interpenetrating triangular lattices: A+Λh and B+Λh,
where A = (0, 0)T and B = ( 1√
3
, 0)T ; see Figure
1(a). Bh denotes the Brillouin zone, the choice of
fundamental cell in quasi-momentum space is displayed
in Figure 1(b).
A honeycomb lattice potential, V (x), is a real-
valued, smooth function, which is Λh− periodic and,
relative to some origin of coordinates, is inversion
symmetric (even) and invariant under a 2pi/3 rotation.
Specifically, if R denotes the 2 × 2 rotation matrix by
2pi/3, we have R[V ](x) ≡ V (R∗x) = V (x). A natural
choice of period cell is Ωh, the parallelogram in R2
spanned by {v1,v2}.
Consider the Hamiltonian for the unperturbed
honeycomb structure:
H(ε,0) = −∆ + εV (x). (1)
The band structure of the Λh− periodic Schro¨dinger
operator, H(ε,0), is obtained from the family of
eigenvalue problems, parametrized by k ∈ Bh:
(H(ε,0) − E)Ψ = 0, Ψ(x + v) = eik·vΨ(x), x ∈
R2, v ∈ Λh. We denote by L2k the space of functions
f ∈ L2loc satisfying the k− pseudo-periodic boundary
condition f(x + v) = eik·vf(x). For f and g in L2k,
fg is in L2(R2/Λ) and we define their inner product
by 〈f, g〉L2k =
∫
Ω
f(x)g(x)dx. Equivalently, ψ(x) =
e−ik·xΨ(x) satisfies the periodic eigenvalue problem:(
H(ε,0)(k)− E(k))ψ = 0 and ψ(x + v) = ψ(x) for all
x ∈ R2 and v ∈ Λh, where
H(ε,0)(k) = −(∇+ ik)2 + εV (x).
For each k ∈ Bh, the spectrum is real and consists
of discrete eigenvalues Eb(k), b ≥ 1, where Eb(k) ≤
Eb+1(k). The graphs of k 7→ Eb(k) ∈ R are
called the dispersion surfaces of H(ε,0). The collection
of these surfaces constitutes the band structure of
H(ε,0). As k varies over Bh, each map k → Eb(k) is
Lipschitz continuous and sweeps out a closed interval
in R. The union of these intervals is the L2(R2)−
spectrum of H(ε,0). More detail on the general
theory of periodic operators and the specific context
of honeycomb structures appears in [22, 23, 24] and
[25, 19], respectively.
2.2. Dirac points
Let V denote a honeycomb lattice potential. Dirac
points of H(ε,0) are quasimomentum/energy pairs,
(K?, E?), in the band structure of H
(ε,0) at which
neighboring dispersion surfaces touch conically at a
point [26, 27, 25]. In particular, there exists a b? ≥ 1
such that:
(i) E? = Eb?(K?) = Eb?+1(K?) is a two-fold
degenerate L2K?− eigenvalue of H(ε,0).
Figure 1. (a): A = (0, 0), B = ( 1√
3
, 0). The honeycomb
structure, H, is the union of two sub-lattices ΛA = A+Λh (blue)
and ΛB = B + Λh (red). The lattice vectors {v1,v2} generate
Λh. (b): Brillouin zone, Bh, and dual basis {k1,k2}. K and K′
are labeled. (c): Zigzag edge (solid line), Rv1 = {x : k2 ·x = 0},
armchair edge (dashed line), R (v1 + v2) = {x : (k1 − k2) · x =
0}, and a fundamental domain for the cylinder for the zigzag
edge (gray area), ΣZZ. (d): Schematic of edge state, localized
transverse to the zigzag edge (Rv1).
(ii) Nullspace(H(ε,0) − E?I) = span{Φ1(x),Φ2(x)},
where Φ1 ∈ L2K?,τ = L2K? ∩ {f : Rf = τf} and
Φ2(x) = Φ1(−x) ∈ L2K?,τ¯ = L2K? ∩{f : Rf = τf},
and 〈Φa,Φb〉L2K? (Ω) = δab, a, b = 1, 2. Here,
τ = exp(2pii/3). We note that 1, τ and τ are
eigenvalues of the rotation matrix, R.
(iii) There exist L2k− Floquet-Bloch eigenpairs k 7→
(Φb?(x; k), Eb?(k)) and k 7→ (Φb?+1(x; k), Eb?+1(k)),
defined in a neighborhood of K?, such that
Eb?+1(k)− E? ≈ +|λ]| |k−K?| ,
Eb?(k)− E? ≈ −|λ]| |k−K?| .
where |λ]| = 2| 〈Φ2, ζ · ∇Φ1〉L2K? | 6= 0 for any
ζ = (ζ1, ζ2) ∈ C2, such that ‖ζ‖C2 = 1.
In [25] (see also [28], Appendix D), Fefferman and
Weinstein proved the following:
Theorem 2.1 (a) For all ε real outside a possible
discrete set, the Hamiltonian H(ε,0) = −∆ + εV has
Dirac points occurring at (K?, E?), where K? may
be any of the six vertices of the Brillouin zone, Bh.
(b) If 0 < |ε| < ε0 is sufficiently small, then there
are two cases, which are delineated by the sign of
the distinguished Fourier coefficient, εV1,1, of εV (x).
Here,
V1,1 ≡ 1|Ωh|
∫
Ωh
e−i(k1+k2)·yV (y)dy, (2)
is assumed to be non-zero. If εV1,1 > 0, then b? = 1;
Dirac points occur at the intersection of the first and
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Figure 2. Lowest three dispersion surfaces k ≡
(k(1), k(2)) ∈ Bh 7→ E(k) of the band structure of H(10,0) ≡
−∆ + 10V (x), where V is a honeycomb potential: V (x) =
(cos(k1 · x) + cos(k2 · x) + cos((k1 + k2) · x)). Dirac points
occur at the conical intersection of the lower two dispersion
surfaces, at the six vertices of the Brillouin zone, Bh.
second dispersion surfaces (see Figure 2). If εV1,1 < 0,
then b? = 2; they occur at the intersection of the second
and third dispersion surfaces.
The two cases in part (b) of Theorem 2.1 are illustrated
in Figure 3 (top row, left and center plots).
The quasimomenta of Dirac points partition
into two equivalence classes; the K− points (K =
1
3 (k1 − k2)) consisting of K, RK and R2K, and K′−
points (K′ = −K) consisting of K′ = −K, RK′ and
R2K′; see Figure 1(b). By symmetries, the local
character near one Dirac point determines the local
character near the others.
The time evolution of a wave packet, with data
spectrally localized near a Dirac point, is governed by
a massless 2D Dirac system [29].
Remark 2.1 It is shown in [25] that a Λh− periodic
perturbation of V (x), which breaks inversion or time-
reversal symmetry, lifts the eigenvalue degeneracy;
a (local) gap is opened about the Dirac points and
the perturbed dispersion surfaces are locally smooth.
The edge potential we introduce opens such a gap, as
illustrated in the bottom row of Figure 3.
3. Honeycomb structure with an edge and the
edge state eigenvalue problem
We follow the setup introduced in [19]. Recall (Section
2.1) the spanning vectors of the equilateral triangular
lattice, v1 and v2. Given a pair of integers a1, b1,
which are relatively prime, let v1 = a1v1 + b1v2.
We call the line Rv1 the v1− edge. Since a1, b1 are
relatively prime, there exists a second pair of relatively
prime integers: a2, b2 such that a1b2 − a2b1 = 1. Set
v2 = a2v1 + b2v2.
It follows that Zv1⊕Zv2 = Zv1⊕Zv2 = Λh. Since
a1b2 − a2b1 = 1, we have dual lattice vectors K1,K2 ∈
Λ∗h, given by K1 = b2k1−a2k2 and K2 = −b1k1+a1k2,
which satisfy K` · v`′ = 2piδ`,`′ , 1 ≤ `, `′ ≤ 2. Note
that ZK1 ⊕ ZK2 = Zk1 ⊕ Zk2 = Λ∗h. We denote by
Ω the period cell given by the parallelogram spanned
by {v1,v2}. The choice v1 = v1 (or equivalently v2)
generates a zigzag edge and the choice v1 = v1 + v2
generates the armchair edge; see Figure 1(c).
Introduce the family of Hamiltonians, depending
on the real parameters ε and δ:
H(ε,δ) ≡ −∆ + εV (x) + δκ(δK2 · x)W (x). (3)
H(ε,0) = −∆ + εV (x) is the Hamiltonian for the
unperturbed (bulk) honeycomb structure, introduced
in (1) and discussed in Theorem 2.1. Here, δ will
be taken to be sufficiently small, and W (x) is Λh−
periodic and odd. The function κ(ζ) defines a domain
wall. We choose κ to be sufficiently smooth and to
satisfy κ(0) = 0 and κ(ζ) → ±κ∞ 6= 0 as ζ → ±∞,
e.g. κ(ζ) = tanh(ζ). Without loss of generality, we
assume κ∞ > 0.
Note that H(ε,δ) is invariant under translations
parallel to the v1− edge, x 7→ x+v1, and hence there is
a well-defined parallel quasimomentum (good quantum
number), denoted k‖. Furthermore, H(ε,δ) transitions
adiabatically between the asymptotic Hamiltonian
H
(ε,δ)
− = H
(ε,0) − δκ∞W (x) as K2 · x → −∞ to the
asymptotic Hamiltonian H
(ε,δ)
+ = H
(ε,0) + δκ∞W (x)
as K2 · x → ∞. The domain wall modulation of
W (x) realizes a phase-defect across the edge Rv1.
A variant of this construction was used in [12, 28]
to interpolate between different asymptotic 1D dimer
periodic potentials.
We seek v1− edge states of H(ε,δ), which are
spectrally localized near the Dirac point, (K?, E?).
These are non-trivial solutions Ψ, with energies E ≈
E?, of the k‖− edge state eigenvalue problem (EVP):
H(ε,δ)Ψ = EΨ, (4)
Ψ(x + v1) = e
ik‖Ψ(x), (5)
|Ψ(x)| → 0 as |K2 · x| → ∞, (6)
for k‖ ≈ K? · v1. The boundary conditions (5) and
(6) imply, respectively, propagation parallel to, and
localization transverse to, the edge Rv1.
We next formulate the edge state eigenvalue
problem (4)-(6) in an appropriate Hilbert space.
Introduce the cylinder Σ ≡ R2/Zv1. Denote by
Hs(Σ), s ≥ 0, the Sobolev spaces of functions defined
on Σ. The pseudo-periodicity and decay conditions
(5)-(6) are encoded by requiring Ψ ∈ Hsk‖(Σ) = Hsk‖ ,
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for some s ≥ 0, where
Hsk‖ ≡
{
f : f(x)e−i
k‖
2piK1·x ∈ Hs(Σ)
}
.
We then formulate the EVP (4)-(6) as:
H(ε,δ)Ψ = EΨ, Ψ ∈ H2k‖(Σ). (7)
3.1. The spectral no-fold condition
Now suppose H(ε,0) has a Dirac point at (K?, E?),
i.e. ε is generic (not necessarily small) in the sense
of Theorem 2.1. (Recall, from Section 2 that all vertex
quasimomenta of the hexagon, Bh, have Dirac points
with energy E?.) While H
(ε,0) is inversion symmetric
(invariant under x 7→ −x), H(ε,δ)± is not. Therefore,
by Remark 2.1, for δ 6= 0, H(ε,δ)± does not have Dirac
points; its dispersion surfaces are locally smooth and
for quasimomenta k such that |k −K?| is sufficiently
small, there is an open neighborhood of E = E? not
contained in the L2(R2/Λh)− spectrum of H(ε,δ)± (k).
If there is a (real) open neighborhood of E = E?, not
contained in the spectrum of H
(ε,δ)
± (k) for all k ∈ Bh,
then H
(ε,δ)
± is said to have a (global) omni-directional
spectral gap about E = E?. But, the “spectral gap”
about E = E?, created for δ 6= 0 and small, may
only be local about K?. What is central however
to the existence of v1− edge states is that along the
dispersion surface slice, dual to the v1− edge, H(ε,0)
satisfy a spectral no-fold condition. We now explain
this condition, without going into all technical detail.
Let (K?, E?) denote a Dirac point of H
(ε,0) in
the sense of Section 2.1, where E? = Eb?(K?) =
Eb?+1(K?). Consider the dual slice associated with
the v1− edge, i.e. the union of graphs of the functions
λ ∈ (−1/2, 1/2] 7→ Eb(K? + λK2), b ≥ 1. The
values swept out constitute the L2k‖=K?·v1− spectrum.
Within this slice, the graphs of λ 7→ Eb?(K? + λK2)
and λ 7→ Eb?+1(K? +λK2) may intersect at either one
or two independent Dirac points, i.e. points in the
lattices K + Λ∗h or in K
′ + Λ∗h, occurring at distinct
values of λ ∈ (−1/2, 1/2]. (E.g. for a zigzag edge
there is one value, namely λ̂1 = 0, and for an armchair
edge there are two, namely λ̂1 = 0 and λ̂2 = −1/3.)
The preceding discussion implies that a L2k‖=K?·v1−
spectral gap of H
(ε,δ)
± is opened locally near each Dirac
point, i.e. for all λ near λ̂j , by the domain wall/edge
potential for δ 6= 0 and small; see Figure 3.
We say that the spectral no-fold condition is
satisfied for the v1− edge if, for δ 6= 0, the L2k‖=K?·v1−
spectrum of H
(ε,δ)
± has a full spectral gap. That is, the
L2k‖=K?·v1− spectrum of H
(ε,δ)
± does not intersect some
open interval containing E?.
Figure 3. Band dispersion slices along the quasimomentum
segment: K + λK2, |λ| ≤ 1/4. In the first row (δ = 0),
we consider whether the spectral no-fold condition holds at the
Dirac point (K, E?). Energy level E = E? is indicated with the
dotted line. The spectral no-fold condition holds along the zigzag
slice for εV1,1 > 0 and there is a topologically protected branch
of edge states, but fails for εV1,1 < 0 and along the armchair
slice. Second row (δ > 0) of plots illustrates that the spectral
no-fold condition controls whether a full directional spectral gap
opens when breaking inversion symmetry. Insets indicate zigzag
and armchair quasimomentum segments (1D Brillouin zones)
parametrized by λ, for 0 ≤ λ ≤ 1.
We note that this formulation of the no-fold
condition is more general than that introduced in
[19]. The role of the dual slice can be understood by
recognizing that any function which satisfies the edge
state boundary conditions, (5) and (6), relative to the
v1− edge is a superposition of Floquet-Bloch modes
parametrized by the dual slice; see [19].
In the bottom panels of Figure 3, we display
examples of slices through the first three dispersion
surfaces of H(ε,δ), where δ 6= 0. The middle
and rightmost of these three plots illustrate that
a dispersion surface may “fold-over” outside a
neighborhood of the Dirac point, filling out all energies
in a neighborhood of E?.
The bottom row of Figure 7 shows that for ε = 10
(ε, large and positive) the spectral no-fold condition,
as stated above, holds. The bottom left panel of
Figure 7 corresponds to the armchair slice where, for
λ ∈ (−1/2, 1/2], the curves λ 7→ E1(K? + λK2) and
λ 7→ E2(K? + λK2) intersect at two independent
quasimomenta K ∈ K + Λ∗h and K′ ∈ K′ + Λ∗h. The
bottom right panel of Figure 7 corresponds to the
(2, 1)- slice (v1 = 2v1 +v2) where, for λ ∈ (−1/2, 1/2],
the curves λ 7→ E1(K? +λK2) and λ 7→ E2(K? +λK2)
intersect at points in K + Λ∗h.
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4. Topologically protected edge states
4.1. General conditions for topologically protected
bifurcations of edge states for rational edges
In this section we review conditions on the Hamilto-
nian, H(ε,δ), defined in (3), guaranteeing the existence
of topologically protected states for an arbitrary v1−
edge. These results are proved in [19] (Theorem 7.3
and Corollary 7.4).
Let V be a honeycomb lattice potential (see
Section 2.1) and W be real-valued, Λh− periodic and
odd. Assume that H(ε,0) = −∆ + εV has a Dirac
point (K?, E?), where K? is a vertex of Bh as defined
in Section 2.2. Assume further that H(ε,0) satisfies the
spectral no-fold condition for the v1− edge, as stated
in [28]. That is, we assume that the quasi-momentum
slice through only intersects one independent Dirac
point; see the discussion of Section 3.1. ‡ Finally,
we assume the non-degeneracy condition:
ϑ] ≡ 〈Φ1,WΦ1〉L2K? 6= 0, (8)
where Φ1(x) is the L
2
K?
− eigenfunction of H(ε,0)
associated with the quasimomentum K? introduced in
Section 2.2.
Theorem 4.1 Under the above hypotheses:
(i) There exist topologically protected v1− edge states
with k‖ = K? · v1, constructed as a bifurcation
curve of non-trivial eigenpairs δ 7→ (Ψδ, Eδ) of
(7), defined for all |δ| sufficiently small. This
branch of non-trivial states bifurcates from the
trivial solution branch E 7→ (Ψ ≡ 0, E) at E =
E?. The edge state, Ψ
δ(x), is well-approximated
(in H2k‖=K·v1) by a slowly varying and spatially
decaying modulation of the degenerate nullspace of
H(ε,0) − E?:
Ψδ(x) ≈ α?,+(δK2 · x)Φ+(x) + α?,−(δK2 · x)Φ−(x),
Eδ = E? +O(δ2), 0 < |δ|  1,
where Φ+ and Φ− are appropriate linear combi-
nations of Φ1 and Φ2. The envelope amplitude-
vector, α?(ζ) = (α?,+(ζ), α?,−(ζ))T , is a zero-
energy eigenstate, Dα? = 0, of the 1D Dirac op-
erator:
D ≡ −i|λ]||K2|σ3∂ζ + ϑ]κ(ζ)σ1 . (9)
Here, σ1 and σ3 are standard Pauli matrices.
(ii) Topological protection: The Dirac operator D has
a spatially localized zero-energy eigenstate for any
κ(ζ) having asymptotic limits of opposite sign
at ±∞. Therefore, the zero-energy eigenstate,
which seeds the bifurcation, persists for localized
‡ An article in which we extend this theorem to the situation
where both classes of Dirac points lie in the dual slice is in
preparation.
perturbations of κ(ζ). In this sense, the bifurcating
branch of edge states is topologically protected
against a class of local (not necessarily small)
perturbations of the edge.
(iii) Edge states, Ψ(x; k‖) ∈ H2k‖ , exist for all
parallel quasimomenta k‖ in a neighborhood of
k‖ = K · v1, and by symmetry for all k‖ in a
neighborhood of k‖ = −K · v1 = K′ · v1. It
follows that by taking a continuous superposition
of the time-harmonic states, Ψ(x, k‖)e−iE(k‖)t,
one obtains wave-packets that remain localized
about (and dispersing along) the v1− edge for all
time.
We next apply Theorem 4.1 to the study of edge states
which are localized transverse to a zigzag edge.
4.2. Topologically protected zigzag edge states
The zigzag edge corresponds to the choice: v1 = v1,
v2 = v2, and K1 = k1, K2 = k2. In Section 8 of [19]
we apply our general Theorem 4.1 to study the zigzag
edge eigenvalue problem H(ε,δ)Ψ = EΨ, Ψ ∈ H2k‖(Σ),
where Σ = R2/Zv1, for the Hamiltonian (3) with:
0 < |δ| . ε2  1. (10)
There are two cases, which are delineated by the sign of
the distinguished Fourier coefficient of the unperturbed
(bulk) honeycomb potential:
(1) εV1,1 > 0 and (2) εV1,1 < 0,
where V1,1, defined in (2), is assumed to be non-zero.
For appropriate choices of V (x), it is possible to tune
been cases (1) and (2) by varying of the lattice scale
parameter; see Appendix A of [19].
Remark 4.1 The computer simulations discussed in
this and subsequent sections were done for the
Hamiltonian H(ε,δ) with κ(ζ) = tanh(ζ) and
V (x) =
∑
kj∈{k1,k2,k1+k2}
cos(kj · x),
W (x) =
∑
kj∈{k1,k2,k1+k2}
sin(kj · x).
(11)
Here, k1 and k2 are displayed in Section 2.1. Since
V1,1 > 0, sgn(εV1,1) is determined by the sign of ε.
Case (1) εV1,1 > 0 and (10): In this case, the
spectral no-fold condition holds for the zigzag edge
(Theorem 8.2 of [19]) and it follows that there exist
zigzag edge states (Theorem 8.5 of [19]). In particular,
for all ε and δ satisfying (10), the zigzag edge state
eigenvalue problem (7) has topologically protected
edge states, described in Theorem 4.1, with L2k‖−
spectra of energies: k‖ 7→ E(k‖) (k‖ varying near
K · v1 = 2pi/3 and varying near −K · v1 = −2pi/3)
sweeping out a neighborhood of E = E?.
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Figure 4. Bifurcation of zigzag edge states from spectral band
edges of H(ε,δ), displayed via a plot of L2k‖=K·v1− spectra vs.
δ. Here, K · v1 = 23pi. Top panel: εV1,1 > 0. Topologically
protected bifurcation of zigzag edge states (dotted red curve), is
seeded by the zero-energy mode of the Dirac operator (9). The
branch of edge states emanates from the intersection of first and
second bands (B1 and B2) at E = E? for δ = 0. Bottom panel:
εV1,1 < 0. Bifurcation of zigzag edge states from endpoint of the
first spectral band, E = E˜?. This bifurcation is governed by an
effective Schro¨dinger equation (27).
Figure 5. Energy L2k‖
− spectrum of H(ε,δ) vs. parallel
quasimomentum, k‖, for εV1,1 > 0 (top panel) and εV1,1 < 0
(bottom panel).
Case (1) is illustrated by the top panels of Figures
4 and 5. The top panel of Figure 4 displays, for
ε = 10, the L2k‖=2pi/3− spectra (plotted horizontally) of
H(ε,δ) corresponding to a range of δ values for the case
εV1,1 > 0. Figure 5 displays the L
2
k‖ spectra (plotted
vertically), for fixed ε and δ, for a range of k‖.
Case (2) εV1,1 < 0 and (10): The spectral no-fold
condition does not hold (Theorem 8.4 of [19]). This is
clearly illustrated in the top, middle panel of Figure
3. Therefore, Theorem 4.1 does not apply to give the
existence of topologically protected edge states.
On the other hand, in [19] we give a formal
multiple scale perturbation expansion in powers of
δ (using the procedure of Section 5.1) which solves
the edge state eigenvalue problem to any order in
δ. We believe, however, that this expansion is not
the expansion of a genuine edge state. Rather, we
conjecture that it is an approximation of a very long-
lived “edge quasi-mode”. Such modes would have
complex frequency, E, near E?, with small imaginary
part and would decay on a very long time scale; see
[19] for further discussion.
Case (2), εV1,1 < 0, is the point of departure
for our discussion of non-protected edge states, in the
following section.
5. Edge states which are not topologically
protected
As noted above, the spectral no-fold condition fails if
εV1,1 < 0. Theorem 4.1 does not yield an edge state
for the zigzag edge, although there is evidence of a very
long-lived quasi-mode. Note also, by Theorem 2.1, that
if εV1,1 < 0, Dirac points occur at the intersection of
the second and third spectral bands; see the center
panel of the top row in Figure 3.
Note further from this same plot that there is an
L2k‖=K·v1− spectral gap between the first and second
bands. Numerical computations, displayed in the
bottom row of plots in Figures 4 and 5 show zigzag
edge states, for the full range of parallel quasimomenta,
0 ≤ k‖ ≤ 2pi, bifurcating from the L2k‖− band edge
into the first finite spectral gap. A bifurcation with a
similar nature is discussed in [30]; see also [9].
In the following subsection we present a formal
multiple scale perturbation derivation of these bifurca-
tion curves. In contrast to the edge state bifurcations
obtained via Theorem 4.1, these bifurcations are not
topologically protected; they may be destroyed by a lo-
calized perturbation of the edge. The formal multiple-
scale bifurcation analysis presented in Section 5.1 can
be made rigorous along the lines of [31, 32, 33, 34]; see
also [35].
5.1. Multiple scale perturbation analysis
For k ∈ Bh, let (E˜(k), Φ˜(x; k)) denote the eigenpair
associated with a lowest L2k‖=K·v1− spectral band of
H(ε,0). Note that the quasimomentum slice of the band
structure, dual to the zigzag edge, is displayed in the
middle plot of the top row of Figure 3. The maximum
energy of this band, or equivalently the rightmost edge
of band B1 in the bottom panel of Figure 4, is attained
for the eigenpair with energy E˜? ≡ E˜(K) and Floquet-
Bloch mode Φ˜?(x) ≡ Φ˜(x; K) at the quasimomentum
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k = K. More generally, we may consider any vertex
quasimomenta, K?, such that the L
2
K?
− nullspace of
H(ε,δ) − E˜?I has dimension one, which is the case in
the numerical examples we have considered.
We keep the discussion general and consider a
general v1− edge (recall the setup at the beginning
of Section 3) and seek a solution of the v1− edge state
eigenvalue problem (4)-(6) (see also (7)) of the multi-
scale form: Ψ = Ψ(x, ζ) with ζ = δK2 · x. In terms of
these variables:[
− (∇x + δK2∂ζ)2 + εV (x) + δκ(ζ)W (x)
]
Ψ(x; ζ)
= E Ψ(x; ζ)
Ψ(x + v1, ζ) = e
iK?·v1Ψ(x, ζ),
ζ 7→ Ψ(x, ζ) ∈ L2(Rζ).
(12)
We seek a solution to (12) via a multiple scale
expansion in δ, assumed to be small:
Eδ = E(0) + δE(1) + δ2E(2) + . . . ,
Ψδ = Ψ(0)(x, ζ) + δΨ(1)(x, ζ) + δ2Ψ(2)(x, ζ) + . . . .
(13)
The boundary conditions (5) and (6) are imposed by
requiring, for i ≥ 0:
Ψ(i)(x + v1, ·) = eiK?·v1Ψ(i)(x, ·),
ζ → Ψ(i)(x, ζ) ∈ L2(Rζ).
Substituting (13) into (12) and equating terms of
equal order in δi, i ≥ 0, yields a hierarchy of
non-homogeneous boundary value problems, governing
Ψ(i)(x, ζ). Each equation in this hierarchy is viewed
as a PDE with respect to x, with pseudo-periodic
boundary conditions. The solvability conditions
for this hierarchy determine the ζ− dependence of
Ψδ(x, ζ).
At order δ0 we have that (E(0),Ψ(0)) satisfy(
−∆x + εV (x)− E(0)
)
Ψ(0) = 0,
Ψ(0)(x + v, ζ) = eiK?·vΨ(0)(x, ζ), for all v ∈ Λh.
(14)
Equation (14) has solution
E(0) = E˜?, Ψ
(0)(x, ζ) = A0(ζ)Φ˜?(x), (15)
where, Φ˜? (normalized in L
2(Ω)) spans the nullspace
of H(ε,0) − E˜?I.
Proceeding to order δ1 we find that (Ψ(1), E(1))
satisfies
(−∆x + εV (x)− E?) Ψ(1)(x, ζ) = G(1)(x, ζ)
Ψ(1)(x + v, ζ) = eiK?·vΨ(1)(x, ζ), for all v ∈ Λh,
(16)
where
G(1)(x, ζ) = G(1)(x, ζ; Ψ(0), E(1))
≡ 2∂ζA0(ζ) K2 · ∇xΦ˜?(x)
+
(
−κ(ζ)W (x) + E(1)
)
A0(ζ)Φ˜?(x).
(17)
A necessary condition for the solvability of (16) is that
the inhomogeneous term on the right hand side be
L2K?(Ω; dx)− orthogonal to Φ˜?(x). By the symmetries
Φ˜?(x) = Φ˜?(−x) and W (x) = −W (−x),〈
Φ˜?,W Φ˜?
〉
L2K? (Ω)
= 0,
〈
Φ˜?,∇Φ˜?
〉
L2K? (Ω)
= 0. (18)
Therefore, with E(1) ≡ 0, the right hand side of (16)
lies in the range of H(ε,0)− E˜?I : H2K? → L2K? , and we
obtain
Ψ(1)(x, ζ) =
(
R(E?)G
(1)
)
(x, ζ; 0), (19)
where R(E˜?) = (H
(ε,0)− E˜?I)−1 : P⊥L2(Ω)→ H2(Ω).
Here, P⊥ is the L2− projection onto span{Φ˜?}⊥.
At order δ2, we have(
−∆x + εV (x)− E˜?
)
Ψ(2)(x, ζ) = G(2)(x, ζ)
Ψ(2)(x + v, ζ) = eiK?·vΨ(2)(x, ζ), for all v ∈ Λh,
(20)
where
G(2)(x, ζ) = G(2)(x, ζ; Ψ(0),Ψ(1), E(2))
≡ (2∇x ·K2∂ζ − κ(ζ)W (x))ψ(1)p
+ |K2|2∂2ζA0(ζ)Φ˜?(x) + E(2)A0(ζ)Φ˜?(x).
Equation (20) has a solution if and only if the right
hand side is L2K? -orthogonal to Φ˜?. This solvability
condition (all inner products over L2K?(Ωx)) is:
|K2|2∂2ζA0(ζ) +
〈
Φ˜?(x), 2∇x ·K2∂ζΨ(1)(x, ζ)
〉
(21)
−
〈
Φ˜?(x), κ(ζ)WΨ
(1)(x, ζ)
〉
+ E(2)A0(x) = 0.
We simplify (21) using the expression for Ψ(1) in
(19); see also (17). Importantly, note that the action
of the resolvent R(E˜?) on the individual terms in (17)
is well defined due to (18). After some manipulation,
the first inner product in (21) yields〈
Φ˜?(x), 2∇x ·K2∂ζΨ(1)(x, ζ)
〉
= −4
∑
1≤i,j≤2
〈
∂xiΦ˜?(x), R(E˜?)(∂xj Φ˜?)
〉
K
(i)
2 K
(j)
2 ∂
2
ζA0(ζ)
+ 2
〈
∇xΦ˜?, R(E˜?)(W Φ˜?)
〉
·K2∂ζ(κ(ζ)A0(ζ)), (22)
while the second inner product in (21) yields
−
〈
Φ˜?(x), κ(ζ)W (x)Ψ
(1)(x, ζ)
〉
= −2
〈
Φ˜?,WR(E˜?)(∇xΦ˜?)
〉
·K2κ(ζ)∂ζA0(ζ)
+
〈
Φ˜?,WR(E˜?)(W Φ˜?)
〉
κ2(ζ)A0(ζ). (23)
It can be checked that〈
Φ˜?,WR(E˜?)(W Φ˜?)
〉
L2K? (Ω)
> 0 and that (24)〈
Φ˜?,WR(E˜?)(∇xΦ˜?)
〉
L2K? (Ωx)
is real. (25)
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Relation (24) follows since E˜? is the lowest eigenvalue
of H(ε,0)(K?). Moreover we have that
δij |K2|2 − 4
∑
1≤i,j≤2
〈
∂xiΦ˜?(x), R(E˜?)(∂xj Φ˜?)
〉
K
(i)
2 K
(j)
2
=
1
2
[D2E˜?(K?)]ijK
(i)
2 K
(j)
2 ≡
1
2meff
, (26)
where D2E˜?(K?) is the Hessian matrix of E˜(k)
evaluated at k = K? along the K2− quasimomentum
direction, and meff is the effective mass [36]; see also
Theorem 3.1 and equation (3.6) of [31].
Substituting (22) and (23) into equation (21), and
using relations (25) and (26), we find that the O(δ2)
solvability condition reduces to the eigenvalue problem
for an effective Schro¨dinger operator, Heff :
HeffA0(ζ) = µeffA0(ζ), A0(ζ) ∈ L2(Rζ), where
Heff ≡ − 1
2meff
∂2ζ +Qeff(ζ;κ),
(27)
with eigenvalue parameter µeff = E
(2) + b κ2∞ and
effective potential, Qeff , given by:
Qeff(ζ;κ)
= −2
〈
K2 · ∇xΦ˜?, R(E˜?)(W Φ˜?)
〉
L2K? (Ω)
κ′(ζ)
+
〈
W Φ˜?, R(E˜?)(W Φ˜?)
〉
L2K? (Ω)
(
κ2∞ − κ2(ζ)
)
≡ a κ′(ζ) + b (κ2∞ − κ2(ζ)) . (28)
The constants a and b depend on Φ˜?, V and W and,
by (24), b > 0. Since κ(ζ) satisfies κ(ζ) → ±κ∞ as
ζ → ±∞, both κ′(ζ) and κ2∞ − κ2(ζ) decay to zero as
ζ → ±∞. Therefore, Qeff(ζ;κ) is decaying at infinity.
If the eigenvalue problem (27) has a non-trivial
solution, then the above formal expansion yields a
solution of the v1− edge state eigenvalue problem to
arbitrary finite order in δ. This formal expansion yields
approximations to arbitrary finite order of genuine
solutions of the v1− edge state eigenvalue problem,
δ 7→ (Ψ˜δ(x), E˜δ).
In summary, the non-trivial eigensolutions of the
effective Schro¨dinger operator, Heff , seed or induce
the bifurcation of non-trivial edge states in a manner
analogous to the zero-energy eigenmodes of a Dirac
operator inducing the bifurcation of protected edge
states from Dirac points. In the next section we
show that such “effective Schro¨dinger bifurcations”,
also known as “Tamm states”, are not topologically
protected; these states do not persist in the presence
of arbitrary localized perturbations of the domain wall.
5.2. Edge states seeded by localized eigenstates of the
effective Schro¨dinger operator, Heff , are not
topologically protected
We now explore the robustness of the edge state
bifurcating from the trivial state E = E˜? for δ = 0,
Figure 6. Bifurcation curves of non-protected edge states
from spectral band edges, encoded in L2
k‖=2pi/3
− spectra vs.
δ for the Hamiltonian H(−10,δ) for εV1,1 < 0. Top panel:
κ(ζ) = tanh(ζ). Bottom panel: κ\(ζ) = κ(ζ) + F (ζ) =
tanh(ζ)+10 exp(−ζ2/50). The branch of edge states bifurcating
from the top edge of the lowest band, B1, at E = E˜? for δ = 0
(blue dotted curve in top panel) is destroyed by the perturbation
F (ζ). Insets show the effective potential Qeff in each case.
constructed in Section 5.1. We focus on the case of
the zigzag edge, corresponding to the choice v1 = v1,
v2 = v2 and K1 = k1, K2 = k2. We also fix V , W
and κ(ζ) = tanh(ζ) as in (11), with ε = −10 so that
εV1,1 < 0. From numerics we havem
−1
eff < 0 (this is also
clear from the top, center panel of Figure 3 and Figure
6). Moreover, a > 0 and, as argued above, b > 0.
Therefore, κ′(ζ) = sech2(ζ) and κ2∞−κ2(ζ) = sech2(ζ)
are non-negative and it follows that Qeff(ζ;κ) (28),
plotted in the inset of Figure 4 (and the top inset
of Figure 6), is a potential barrier. Therefore, since
m−1eff < 0, Heff has a positive energy eigenstate. This
eigenstate induces a bifurcation curve of edge states,
emanating from the upper edge of B1, into the spectral
gap to its right; see the top panel of Figure 6.
We next construct a domain wall function, κ\(ζ),
for which the effective potential, Qeff(ζ;κ\), is such
that Heff = −(2meff)−1∂2ζ +Qeff(ζ;κ\), with m−1eff < 0
does not have a positive energy eigenstate. Therefore,
no bifurcation from the upper edge of B1 into the gap
above is expected. Explicitly, let κ\(ζ) = κ(ζ) + F (ζ),
where F (ζ) = 10 exp(−ζ2/50). The bottom panel
in Figure 6 shows the L2k‖=2pi/3− spectra of H(−10,δ)
for the perturbed domain wall function κ\(ζ). The
bifurcating branch emanating from E = E˜? (the right
edge of the first spectral band, B1) has been destroyed
by the perturbation F (ζ). Qeff(ζ;κ\) is plotted in the
bottom inset of Figure 6.
The one-parameter family of effective potentials,
Qeff(ζ; (1 − θ)κ + θκ\), 0 ≤ θ ≤ 1, provides a smooth
homotopy from a Hamiltonian for which a branch
Topologically protected and non-protected edge states in 2D honeycomb structures 10
Figure 7. Band dispersion slices of H(ε,0) along the
quasimomentum segments: K + λK2, |λ| ≤ 1/2, for K2 =
−k1 + k2 (armchair) and K2 = −k1 + 2k2 ((2, 1)), for various
fixed ε. Energy levels E = E? (for ε > 0) and E = E˜? (for ε < 0)
are indicated with dotted lines. First row: ε = −10. A spectral
gap exists between the first and second bands. Middle row:
ε = 1. No spectral gaps. Bottom row: ε = +10. Spectral no-
fold condition holds along both the armchair edge and the (2, 1)−
edge. Insets indicate armchair and (2, 1)− quasimomentum
segments (1D Brillouin zones) parametrized by λ, for 0 ≤ λ ≤ 1.
of edge states bifurcates from the upper edge of the
first spectral band (H(ε,δ) with domain wall κ) to a
Hamiltonian for which the branch of edge states does
not exist (H(ε,δ) with domain wall κ\). Therefore,
this type of bifurcation is not topologically protected.
This contrast between topologically protected and non-
protected states is discussed in an analogous setting of
1D photonic structures in [30].
6. Numerical investigation of general edges
We shall refer to an (a1, b1)− edge, or equivalently
a v1 = a1v1 + b1v2− edge. In this section we
numerically study the edge state eigenvalue problem
for the armchair edge ((1, 1)− edge) and the (2, 1)−
edge. Throughout we fix V and W as in (11) and
take κ(ζ) = tanh(ζ). The three rows of Figure 7
display, for ε = −10, 1, 10, the band structure slices
of H(ε,0)(K + λK2), |λ| ≤ 1/2, which are dual to the
Figure 8. Bifurcation curves of edge states (colored curves),
for armchair and “(2, 1)−” edges, at different bulk structure
contrasts, encoded as L2k‖=K·v1− spectra of H
(ε,δ) for various
fixed ε. Dark areas are continuous spectra. Insets zoom in on
or near bifurcation points. First row: ε = −10. Non-protected
edge states (dotted blue curves) bifurcate into the spectral gap
between the first and second bands for δ > 0. Middle row:
ε = 1. Non-protected edge states (blue) bifurcate into the
spectral gap which opens for δ > δ? > 0. Bottom row:
ε = +10. Topologically protected (red) and non-protected (blue)
edge states bifurcate into the spectral gap for δ > 0.
armchair edge: K2 = KAC = −k1 +k2, and the (2, 1)−
edge: K2 = K(2,1) = −k1 + 2k2. Figure 8 displays the
corresponding L2k‖=K·v1(Σ)− spectra, for Σ = ΣAC =
R2/(v1 + v2) and Σ = Σ(2,1) = R2/(2v1 + v2)
6.1. ε = −10; top rows of Figures 7 and 8
Dirac points occur at the intersection of the second and
third dispersion surfaces. (For sufficiently small ε, this
is implied by Theorem 2.1, since εV1,1 < 0.)
(i) Armchair edge: Top, left panels of Figures 7 and
8. The band structure slice, associated with the
armchair edge, has linear crossings at the Dirac
points: K (λ = 0) and K′ = −K (λ = 2/3 or,
equivalently, λ = −1/3). H(ε,0) does not satisfy
the spectral no-fold condition for the armchair
slice; introducing the domain wall/edge potential,
with δ nonzero and small, does not open a full
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L2k‖=0− spectral gap.
(1) Although Theorem 4.1 does not yield an edge
state bifurcation from Dirac points at the
intersection of the second and third dispersion
bands, a formal multiple scale perturbation
expansion of an edge state can be constructed
as in [19] and suggests that there are edge
quasi-modes, associated with the K and
K′ points, which decay exponentially with
advancing time.
(2) For arbitrary small δ 6= 0, edge states
(L2k‖=0− bound states) bifurcate into the
L2k‖=0− spectral gap between the first and
second bands (Figure 8). The multiple
scale expansion of Section 5.1 yields edge
states which are seeded by the effective
Schro¨dinger operator Heff (27). These are not
topologically protected; see Section 5.2.
(ii) (2, 1)− edge: Top, right panels of Figures 7 and
8. The bifurcation scenario is qualitatively similar
to the armchair edge case.
6.2. ε = 1; middle rows of Figures 7 and 8
Dirac points occur at the intersection of the first and
second dispersion surfaces. (For sufficiently small ε this
is implied by Theorem 2.1 since εV1,1 > 0.)
(i) Armchair edge: Middle, left panels of Figures 7
and 8. H(ε,0) does not satisfy the spectral no-fold
condition. Hence, for δ sufficiently small and non-
zero, there is no L2k‖=0− spectral gap between the
first and second spectral bands.
(1) As in the case ε = −10, the formal multi-
ple scale perturbation theory suggests the ex-
istence of edge quasi-modes with complex fre-
quencies, which decay exponentially with ad-
vancing time.
(2) Numerical simulations show that there is a
threshold value, δ? > 0, such that for δ > δ?,
there is an L2k‖=0− spectral gap between the
first and second bands. The edge state branch
bifurcating from a band edge into a gap at a
positive threshold value of δ is shown in Figure
8. We believe that this branch is induced
by an eigenstate of an effective Schro¨dinger
eigenvalue problem, captured by an expansion
similar to that in Section 5.1, and therefore
that it is not topologically protected.
(ii) (2, 1)− edge: Middle, right panels of Figures 7
and 8. The bifurcation scenario is again qualita-
tively similar to the armchair edge case. Note that
multiple band edge (effective Schro¨dinger) bifurca-
tions occur. This scenario arises when the effective
Schroedinger operator has multiple discrete eigen-
values; see [32].
6.3. ε = 10; bottom rows of Figures 7 and 8
This set of simulations reveals additional phenomena
and motivate ongoing mathematical study. We note
that as ε (bulk material contrast) is increased, the
dispersion surfaces begin to separate. In both armchair
edge and (2, 1)− edge cases, Dirac points occur at the
intersection of the first and second dispersion surfaces.
(i) Armchair edge: Bottom, left panels of Figures
7 and 8. In Figure 7, we see that along the
quasimomentum slice that corresponds to the
armchair edge, there are two independent Dirac
points, one of K− type (in K + Λ∗h) and one
of K′− type (in K′ + Λ∗h). The spectral no-
fold condition holds in the more general sense
discussed in Section 3.1; see bottom, left panel
of Figure 7. The results of [19], as stated, do
not apply to give the existence of edge states; in
[19] it is assumed that the band structure slice,
dual to the v1− edge intersects at most one Dirac
point. However, numerical simulations reveal two
families of edge states, associated with K and
K′ points, corresponding to counterpropagating
armchair edge states; see Figure 9. We believe
that the analysis of [19] can be extended to give
a rigorous construction of these states (article in
preparation). These two branches are seeded by
the degenerate zero-energy eigenstate of a 4 × 4
block-diagonal system of Dirac operators.
(ii) (2, 1)− edge: Bottom, right panels of Figures 7
and 8. The spectral no-fold condition holds and
we expect the general theorem of [19] to apply.
Further numerical studies (not included) of other
(a1, b1)− edges suggest that the dispersion slices and
the L2k‖=K·v1− spectra of the (2, 1)− and armchair
edges are representative of general (a1, b1)− edges.
Finally, we remark that the band structure slices,
displayed in the bottom row of Figure 7 suggest (for
some class of potentials) that the spectral no-fold
condition holds for sufficiently large ε. A rigorous
treatment (in preparation) can be provided via semi-
classical asymptotic analysis of the tight-binding limit.
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Figure 9. Bifurcation of two families of armchair edge
states, displayed via L2k‖
− spectrum of H(10,5) vs. δ. For
each parallel quasimomentum, k‖ ∈ (−pi, pi), there are two
counterpropagating edge states, localized transverse to the
armchair edge.
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